REFLECTION OF A STRONG SHOCK WAVE
FROM AN ELLIPSOID
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The reflection from an ellipsoid of a strong shock wave (with uniform parameters behind the wave) moving
along one axis of the ellipse is considered. Viscosity and thermal conductivity of the gas are not considered.
A solution is sought in the vicinity of the critical point using the small parameter method [1]. The nonlinear
differential equations for the dimensionless components of the gas velocity in this region are solved by the
method of separation of variables with the additional condition of [2]. Analytical expressions are found for
the flow parameters, which for the cases of an elliptical cylinder and ellipsoid of revolution coincide with the
corresponding expressions obtained previously in [2].

Using the approximations of [3], we write the equations of continuity, and conservation of energy and momentum
of [4], describing the gas flow behind a shock wave reflected from an ellipsoid in the vicinity of the critical point (8 K 1)
in the form
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c(1 + z); t = tielas 5 the subscript “3” denotes constant gas parameters behind a shock wave reflected from a plane parallel
to the wave front; a3 = y;Py/Rg; H = y(y — 1)~'P/R is the enthalpy; P is the pressure; R is the density; V,, V,, Ve

are the components of the gas velocity in a spherical coordinate system; t is time; v is the effective adiabatic index;a, b,
and c are the semiaxes of the ellipse (the shock wave moves along the semiaxis c); 6 is the angle in the spherical coordinate
system.

In the vicinity of the critical point the motion of the reflected shock wave front can be written in the form
F(ri, 0,9, t) =r, —c— 8(t) — 0°8}(@, #) — ... =0. Then the velocity of the reflected wave D can be written in the
form [4]

D=—|VF|7 P (8) = 8, (2) )

(the prime denotes differentiation with respect to the afgument within parentheses, or that denoted by the subscript).

Upon passage through the reflected shock wave front the projections of the velocity - usn, & — usn, + u,0ny of
the gas ahead of the reflected front in the directions of the mutually perpendicular vectors n, ~ 26r78in, < ng and
n, & Grfl(ég);, n, -+ ny, lying in a plane tangent fo this front, do not change. The component normal to the reflected front
Vag = D — (n,, —uyn,) ahead of the front is related to the normal component V, of the gas velocity behind the front
by the expression [4]

VasRy = VR, 3)
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where the subscript 2 denotes gas parameters ahead of the reflected front, and n, = |yF|~'yF is the normal to the
reflected front. Thus, on the reflected front the gas velocity is defined by the equation V= V,n, 4 Veng + Vong= (D —
Va) by + Ouy (1—289/r;) ny—Ori"u, (89)gn, , whence it follows that
Ve=D—Va Vo= —2(D—Vy)060/r, +6u, (1 —26}/r,), )
Vo= —0r ! (D—-Vut uz) ( 2);-
Then, from Eqgs. (2), (3), (4), we obtain
tty = 21 (t1) (1 — PaalPo) — UasPualPor Vo = —28%ugfry + g (1 — 283/ry), ®)
V1= — (g + ugs) 11" (80)

where , = _51/c; p,s' = R,/Ry; Uss = uslag.

In the plane ¢ = const the angle « between the normal to the line of intersection of this plane with the surface of
the ellipsoid and the z-axis is connected with the angle 6 by the expression o =z c?(a~? cos® ¢ -+ b—2sin® ) 6. In the same
plane, the angle § between the normal to the line of intersection of this plane with the reflected front and the z-axis is
defined by the relationship [4] sinp = |yF|-'F'(s) = 011 — 28)(¢, ¢, 2, b,c)/r1] , where s = r,sin 0. Assuming that in the
vicinity of the critical point & = §, we obtain

(1—263/r)) = ¢ (a2 cos? @ + b2 sin? p). | (6)

The boundary condition on the body and the initial conditions for t = 0, where the incident shock wave reaches the
critical point # = 0, x = 0 are obtained in the same manner as in [3]:

uy(xz = 0) = 0; N
7=0, z(h)=Wag=e, p=py=hy=1, 1,=0, D=W, 8
where W is the velocity of the shock wave reflected from a plane parallel to its front.

We will now assume that for a strong shock wave ¥ = 1 [3]. Then, in analogy to [1, 3], a solution may be sought
in the form

p=t+ep+...p=1+e+.. ,h=1+eh+..., )
Up = &U - ..., Vp = ve'l—l— .
vy=ge"1+ ..., x=2%, ) =er.

Now Eq. (1) takes on the form
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Using the well-known relationship between gas parameters in a strong shock wave, we write the boundary conditions
with consideration of Eq. (9), where &? = 2(y—1) (3y —1)~' [3]. Thus, boundary conditions (5) on the reflected front
with consideration of Eq. (6), the conditions on the body Eq. (7), and the initial conditions Eq. (8) can be written in the
form
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q=sin2¢ (072 — a—2) Ec%2, E = &uy,;
w =0)=0; : 14
B(r=0)=0, E(1=0)=1 (15)
From Egs. (10), (13) it follows that at g = sin 2¢- (&, 7)/2,
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We will seek a solution in the form u = ®(E)F(7), g; = D5 Ta(v) - Substituting these expressions in Eq. (16), we
note that at T =T, the variables are separable. Then we have

T2 =1, (I)CD{/(IJ1 —O' A= O,F — A — OO 4- (D)2 + ®3/2=0. (18)
From Eq. (18) we obtain an Abel equation of the second sort [5]
3\ + E'ED — & — 2A% -+ e, @ =0, 19

Transforming Eq. (19) into an Abel equation of the first sort, and knowing its special solution, we obtain a solution
of Eq. (19) in the form

1 A ¢, ( c1CD 1/3
T e + o Y 3 ' (20)
72}\. —c,® 20" — @ \ 26, -+ 24 €ye; — clcs(D
where k(@) = ®@'; ¢, ,3 are constants.

From Eq. (18) it follows that
T = (cg — M), 2D

where C, is a constant.

In view of the nonlinearity of Egs. (16) their solution can be represented in the form of sums 3u, and Xgq,, given
the condition that A A

\ gm (2= Mn) Camemn My, =0, (22)

. Em ComCan [MpMmp + (£ Myn) (2= Myz)] =0,

where M takes on either the value 2\ or X', while M, is either zero or A (A = (— clei’ez™)""?).

Condition (22) was obtained from Eq. (16) at £ = 0 and 7= 0. Considering the number of conditions imposed on
the eigenvalues A, we limit ourselves to the case in which the set A consists of not more than three values: A , =, A;
(the remaining combinations do not satisfy the conditions of the problem). The sign of A corresponds to the sign in the
equation .

O, = [k — 2 — 20,017, 23

obtained from Egs. (18), (19). From Egs. (17), (22) at &,(zr = 0) = 0 we obtain o, =0, 0, = —FEc¥/b?, ©; = —Ec*/a*,
o == Me,.

Then from Egs. (14), (20) it follows that

by = (2"11‘1)1 + C§®§)1/27 @y = ¢y (exp ¢ § — 1)?exp (— ng)/(Zc";);

, / (24)
Fog = My — c1®u/(24s), @, = 202 [1— exp (— v,05 E/2)] cigv3 ",

(25)
where c, is a constant; v == ci/e,; ky=k (A); Fy=F% (ha). ’
Expressions for k, and @, are obtained from Eq. (25) by replacing the subscript 2 by 3. From Egs. (18), (23),
(24}, and (25) it follows that
Dpy = ¢,D,, Dy = — hyexp (— v,058/2), @y5 = Agexp (— V05 '8/2), (26)
where @ = @y (Ay); Puo =@, (M) ...
Thus, from Egs. (21), (24), (25), (26) we obtain

202 [1 —exp (— v,051E/2) | + 203 [1 — exp (— v,0518/2) |

v 2
U= 2—:§ (exp ¢;& — 1)? exp (— c5E) - =) v (= ay1) ; 27N
V1 o.exp (— v, 07 12/2) @, exp (— v, o7 E/2
0 = o, (exp et — 1)  exp (— cf) — 2°XP (1 _v:)o: L% 1(_;313 ) . (28)
Using Egs. (16), (17) we find
vy = —2E%% 2, v, = 20,65, v = —20,05, €5 = —Ec*(b2 — a~).
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Fig. 1

The value of the dimensionless pressure p is found from Eq. (11) by differentiation of Eq. (27) and subsequent
integration. The constant which we obtain in this manner is defined with the aid of the corresponding boundary condition
(13). The dimensionless enthalpy is determined from Eq. (12) in the same manner as in [3].

The expressions obtained for the flow parameters at a = b coincide with known expressions [2] for an ellipsoid of
revolution, while for ¢ = =0 or b - e, they coincide with corresponding expressions [2] for an elliptical cylinder.

The method employed for solving the problem considered herein may also be used for solution of similar problems
in magnetic hydrodynamics [6].

Figure 1 shows the quantity Ap = (P(t) — P(o)) (P(0) — P(c0))~' as a function of dimensionless time t, = U, t/c
(where U, is the velocity of the incident shock wave) at the critical point (¢ = 0, § = 0) for a circular cylinder (curve 1) and for
a sphere (curve 2). The dependence of Ap upon v in the range considered is weak.

As follows from Eq. (27) ata = b or a — oo u(E = 0, ©) = u(c*6—2E1) = f(c*6—*,) . Then it follows from Eq. (11)
that p=p(c*b~2t,) . Thus, for an elliptical cylinder and an ellipsoid of revolution the quantity Ap(c*b-%,) is obtained from
the curves 1, 2 by a corresponding expansion or compression along the t,-axis by a factor of c?/v2.
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